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In this article, we systematically study the spontaneous decay phenomenon of a two-level system under
the influences of both its environment and repetitive measurements. In order to clarify some well-established
conclusions about the quantum Zeno effect (QZE) and the quantum anti-Zeno effect (QAZE), we do not use
the rotating wave approximation (RWA) in obtaining an effective Hamiltonian. We examine various spectral
distributions by making use of our present approach in comparison with other approaches. It is found that with
respect to a bare excited state even without the RWA, the QAZE can still happen for some cases, for example, the
interacting spectra of hydrogen. However, for a physical excited state, which is a renormalized dressed state of
the atomic state, the QAZE disappears and only the QZE remains. These discoveries inevitably show a transition
from the QZE to the QAZE as the measurement interval changes.
DOI: 10.1103/PhysRevA.81.042116 PACS number(s): 03.65.Xp, 03.65.Yz, 42.50.Ct
I. INTRODUCTION
The quantum Zeno effect (QZE) is vividly described as
the adage “a watched pot never boils” in some quantum
version [1]. Usually it is used for describing a class of
effects in which constant monitoring of a quantum system
drastically slows down its dynamic evolution [1,2]. This may
be a coherent transition (e.g., the Rabi oscillation [3]) and an
irreversible process as well. For instance, any unstable state
can be prevented from decay when adequate measurements
are frequently applied to the system [4–7]. Here the couplings
to a reservoir would induce an exponential decay if there were
no measurements.
On the other hand, it was predicted that the decay
could also be enhanced by frequent measurements observed
under somewhat different conditions, leading to the so-called
quantum anti-Zeno effect (QAZE) [8,9]. When the coupling
to a surrounding environment (a reservoir) is taken into
consideration, the generic QZE may not be attainable since the
required measurement interval is out of reach in experiments.
Furthermore, under the influence of the reservoir with some
spectral distribution, the decay process could be significantly
accelerated by repetitive measurements.
Recently it was recognized [10,11] that the theoretical
prediction [8] for the reservoir-enhanced decay phenomena
may be based on the rotating wave approximation (RWA) [3],
where the counter-rotating terms are neglected as they are
high-frequency oscillating. A quite natural question follows
as to whether the existence of the QAZE really relies on
the counter-rotating term, which is usually ignored in many
applications since it possesses high-frequency oscillation in
the interaction picture.
In this article, we generally tackle this problem by investi-
gating the influence of the counter-rotating term on the QAZE.
Without making the RWA, as done in Ref. [10], we develop
a direct canonical transformation approach [12,13] to derive
an effective Hamiltonian. It is equivalent to the second-order
perturbation approach. The obtained effective Hamiltonian is
exactly solvable since it possesses the same form as that for the
case with the RWA. Our calculation properly shows that for the
spontaneous decay there exists a transition from the QZE to the
QAZE as the measurement interval changes. In other words,
with respect to the bare excited state (the product state of the
atomic excited state and the vacuum of the reservoir) in the
spontaneous decay, the counter-rotating terms are irrelevant to
the occurrence of the QAZE for some spectral structures. As
predicted, the essential difference between these approaches
with and without the RWA could be disregarded in some
cases.
In addition to the spectra of the hydrogen atom, we extend
our research to the general situations with different kinds of
spectral structures. Our finding shows that the QAZE seems
to be universal except when some certain requirement is met
for a sub-Ohmic spectrum. Furthermore, in order to compare
with the existing research [10], we also start from the same
unitary transformation, but choose the bare excited state,
which is different from the physical excited state (the one
excited from the ground state of the original Hamiltonian) in
Ref. [10], as the initial state. Then the QAZE is again witnessed
for the cases of hydrogen’s spectral structure and others as
well. The discrepancy between our result and the former
one [10] is attributed to the different choices of the initial
states.
The article is structured as follows. In the next section, with
a special transformation, we obtain the effective Hamiltonian
and thus the modification of the atomic spontaneous decay
rate due to the counter-rotating terms. Section III discusses
the transition from the QAZE to the QZE for different spectra.
In Sec. IV, with the same initial state, we start from anther
transformation and arrive at the same conclusion for the
hydrogen atom as the one in the previous section. A brief
summary is concluded in Sec. V. Furthermore, we prove in
Appendix A that the survival probability of the atom in the
excited state is equivalent to the survival probability of the
initial state for the spontaneous decay. In addition to Sec. IV,
Appendix B presents the details on the calculation of the
survival probability.
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II. EFFECTIVE HAMILTONIAN WITHOUT ROTATING
WAVE APPROXIMATION
We generally consider the QAZE for a two-level atom
interacting with a reservoir in vacuum in the weak coupling
limit. According to A. O. Caldeira and A. J. Leggett [14],
the reservoir weakly coupled to an open quantum system
can universally be modeled as a collection of many harmonic
oscillators with annihilation (creation) operator bk(b†k) for kth
mode with frequency ωk . Let σx,y,z be the Pauli operators and
σ± = 12 (σx ± iσy)
the raising and lowering operators for the atom with the excited
state |e〉, the ground state |g〉, and the energy-level spacing
, respectively. Then the total system is described by the
Hamiltonian H = H0 + HI :
H0 =
∑
k
ωkb
†
kbk +

2
σz, (1)
HI =
∑
k
gk[(bk + b†k)σ+ + H.c.]. (2)
Here we have assumed the coupling constants gk’s to be real
for simplicity. However, we would like to say that the main
result does not change if we start from a general assumption
that gk’s are complex numbers.
As the interaction term HI contains the counter-rotating
terms, that is, the high-frequency terms with frequencies
±(ωk + ) like
V = b†kσ+ei(ωk+)t + H.c.
in the interaction picture, the Hamiltonian H is not exactly
solvable even for the simple cases of single mode or single
excitation. We use the generalized version [12] of the Fro¨hlich-
Nakajima transformation exp(−S) [15,16] to eliminate the
high-frequency terms in the effective Hamiltonian. Here
S =
∑
k
Ak(b†kσ+ − bkσ−) (3)
is an anti-Hermitian operator, where Ak’s remain to be
determined. Up to the second order, the effective Hamiltonian
Heff = exp(−S)H exp(S) is given as
Heff = H0 + H1 + 12 [H1,S] + 12 [HI ,S] + · · · . (4)
Now we require b†kσ+ + H.c. to be eliminated from the first-
order term
H1 = HI + [H0,S]
=
∑
k
[gk(bk + b†k)σ+ + Ak(ωk + )b†kσ+ + H.c.]
=
∑
k
gk(bkσ+ + H.c.).
The preceding equation gives the coefficients
Ak = − gk
ωk + . (5)
Note that for a state |〉 which fulfills the Schro¨dinger
equation before the transformation, that is,
H |〉 = i∂t |〉, (6)
we can prove that the state after the transformation |〉S =
exp(−S)|〉 satisfies the Schro¨dinger equation,
Heff|〉S = i∂t |〉S, (7)
with the effective Hamiltonian
Heff =
∑
k
ωkb
†
kbk +
1
2
σz +
∑
k
gk(bkσ+ + H.c.), (8)
where we have omitted the high-frequency intercrossing terms
such as b†kb
†
k′ and bk′bk , and the modified level spacing for the
atom is
1 =  +
∑
k
g2k
ωk + . (9)
Here the shift of the level spacing can be regarded as the Lamb
shift, also called the ac stark modification in atomic physics
and quantum optics. Furthermore, in the preceding calculation,
the term
∑
k
g2k
ωk +  (1 + b
†
kbk)
is replaced with
∑
k
g2k
ωk + ,
since for the single excitation case its contribution results
in a small modification in the lth mode g2l /(ωl + ). We
remark that, for those modes k = k′ with smaller frequency
differences, the terms b†kbk′(k = k′) could have larger contri-
butions in quantum dynamics, but for some initial states we
choose them to be of the second order. This problem has been
considered in Ref. [10].
Let us first consider the QAZE for the spontaneous decay
process where the initial state can be chosen as |e,{0}〉 = |e〉 ⊗
|{0}〉 with the atom in the excited state |e〉 and all modes of
fields in the vacuum state |{0}〉 = ∏k ⊗|0k〉. Due to the special
unitary transformation exp(−S), the initial states before and
after the transformation are identical; that is,
e−S |e,{0}〉 = (I − S + 12S2) |e,{0}〉 = |e,{0}〉. (10)
We note that, for the generalized Fro¨hlich-Nakajima trans-
formation in Ref. [10], the initial state would be changed.
For other cases, we illustrate that the uses of changed
and unchanged initial states would result in the different
conclusions about the discussions of the QAZE.
When the atom is projected onto the excited state, provided
that the total system evolves from the initial state |e,{0}〉, the
survival probability is
P (t) = |x(t)|2 = Tr(|e〉〈e|e−iH t |e,{0}〉〈e,{0}|eiHt ). (11)
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Thus, as shown in Appendix A, the survival probability after
n measurements,
P (t = nτ ) = |〈e,{0}|e−iHτ |e,{0}〉|2n
= |〈e,{0}|eSe−iHeffτ e−S |e,{0}〉|2n
= |〈e,{0}|e−iHeffτ |e,{0}〉|2n
= e−Rt , (12)
is calculated in the transformed representation where the new
initial state just coincides with the original one. Here the decay
rate [8]
R = 2π
∫ ∞
−∞
dωF (ω,1)G(ω) (13)
is the overlap integral of the measurement-induced atomic
level broadening
F (ω,1) = 12π
∫ ∞
−∞
dt
(
1 − |t |
τ
)
ei1t θ (τ − |t |)e−iωt
= τ
2π
sinc2
[ (ω − 1)τ
2
]
(14)
and the interacting spectrum
G(ω) =
∫ ∞
−∞
dt
∑
k
g2k
2π
ei(ω−ωk )t =
∑
k
g2k δ(ω − ωk). (15)
The preceding obtained result seems to be the same as that
in Ref. [8], but the essential difference is that the peak of
F (ω,1) has been shifted due to the counter-rotating terms. In
this approach for practical problems, this shift may not have
significant effect on the physical result (see the illustration
in Fig. 1). In the physical systems that we are considering,
that is, hydrogen atom, the influence of the counter-rotating
terms is very small since the energy shift |1 − | is relatively
small with respect to the distance between the original energy
level spacing  and the peak of the interacting spectrum ω0.
However, there may appear some different results in artificial
systems such as circuit QED [17]. We check this observation
for various cases as follows.
III. QUANTUM ANTI-ZENO EFFECT FOR DIFFERENT
INTERACTING SPECTRA
Having obtained the effective decay rate modified by the
counter-rotating terms, we examine the preceding observation
for specific spectra in investigating the QZE and the QAZE.
A. Quantum anti-Zeno effect for hydrogen atom
Let us first investigate the decay rate for the hydrogen atom
in the vacuum of electromagnetic fields. We consider two usual
transitions of the hydrogen atom, that is, 2p-1s and 3p-1s, with
the interacting spectra [18,19]
G2p−1s(ω) = ηω[
1 + ( ω
ωc
)2]4 (16)
and
G3p−1s(ω) =
η′ω
[
1 + 2( ω
ω′c
)2]2
[
1 + ( ω
ω′c
)2]6 , (17)
FIG. 1. (Color online) Schematic of the difference between the
overlap integrals with and without the RWA. The solid blue line is
for the measurement function F (ω,) centered at the original atomic
level spacing for the case with the RWA, the dotted red line is for the
measurement function F (ω,1) centered at the modified frequency
1 for our current case without the RWA, and the green dashed line
is for interacting spectrum G(ω) centered at ω0.
respectively, where
η = 6.435 × 10−9, ωc = 8.491 × 1018 rad/s, (18)
η′ = 1.455 × 10−9, ω′c = 7.547 × 1018 rad/s. (19)
The numerical calculations of the decay rate in Eq. (13)
are shown in Figs. 2 and 3. Here we observe the emer-
gence of the QZE and the QAZE as well. Starting from
a large-enough value of τ , as the measurement inter-
val decreases, the decay rate will experience an ascend-
ing procedure at the first stage. Since the decay rate is
bigger than the unperturbed one
R0 = 2πG(1),
0.0 0.2 0.4 0.6 0.8 1.0
0.001
0.01
0.1
1
10
100
τ
R 106
R
FIG. 2. (Color online) The decay rate vs measurement interval
τ for the 2p-1s transition of the hydrogen atom. Here the solid
blue line is for R and the dashed red line is for R = |R − Rrwa|.
|1 − |/ = 1.71 × 10−6,  = 1.55 × 1016 rad/s, and ωc/ =
550. Notice that R is enlarged 106 times. In all figures, the
measurement interval τ is in units of atomic level spacing 1/
and the decay rate R is normalized with respect to the unperturbed
one R0.
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FIG. 3. (Color online) The decay rate vs measurement interval
τ for the 3p-1s transition of the hydrogen atom. Here the solid
blue line is for R and the dashed red line is for R = |R − Rrwa|.
|1 − |/ = 1.27 × 10−6,  = 1.83 × 1016 rad/s, and ω′c/ =
412. Notice that R is enlarged by 106 times.
the QAZE occurs before it reaches the climax. After the
turning point, the trend is changed. It is obvious that the
decay rate drops steeply as the τ is further reduced. When
the normalized decay rate falls below 1, the QZE is present.
As the measurement becomes more and more frequent, that is,
τ → 0, we observe the transition from the QAZE to the QZE.
Mathematically speaking, the decay rate is the overlap integral
of the measurement-induced atomic level broadening F (ω,)
and the interacting spectrum G(ω). F (ω,) is peaked at 
with width 1/τ while G(ω) is maximized at a frequency of the
order of the cutoff frequency ωc which is much bigger than the
atomic level spacing . As τ decreases from a large-enough
value, F (ω,) covers more and more the increasing part of
G(ω). As a consequence, the decay rate is enhanced and the
QAZE is witnessed. When the measurement interval τ is
reduced to the order of 1/ωc, the decay rate will no longer
increase since F (ω,) has already covered the main part of
G(ω). Afterward, the opposite phenomenon is observed. In
these two figures, also shown are the differences between the
decay rates obtained from the one with the RWA and the
one without the RWA, R = |R − Rrwa|. Notice that R’s
are of the order of 10−6 (in units of R0). It is a reasonable
result since the only effect of the counter-rotating terms
lies in the modified level spacing 1. The small correction
is of the order of 10−6 with respect to the original level
spacing.
B. Quantum (anti-)Zeno effect for general
spectral distribution
Afterward, we generally investigate the QAZE for different
spectral structures. Especially, we discover the condition when
the QAZE disappears. In general, the interacting spectra are
classified as three categories. They can be written with a
uniform spectrum function [20]
G(ω) = Aω1−sc ωse−ω/ωc , (20)
where A is a constant and ωc is the cutoff frequency. For an
Ohmic spectrum, s = 1 while s < 1 and s > 1 for sub-Ohmic
and super-Ohmic spectra, respectively. In Fig. 4, the transition
from the QAZE to the QZE is again observed. It is a predictable
result since the peak of the spectrum function is located at
FIG. 4. (Color online) The decay rate vs measurement interval τ
for different spectra. Here the dotted green line (a) is for super-Ohmic
spectrum s = 2, the solid blue line (b) is for Ohmic spectrum s = 1,
the dashed red line (c) is for sub-Ohmic spectrum s = 0.5, and the
dot-dashed black line (d) is for sub-Ohmic spectrum s = 0.002, which
satisfies Eq. (21). For all spectra we set A = 10−8, ωc/ = 500.
ω = sωc. As long as sωc  , the QAZE definitely occurs.
Moreover, on condition that
1 	  = sωc, (21)
the QAZE is wiped out and only the QZE takes place, as
shown by the dot-dashed black line in Fig. 4. Additionally, the
difference between the decay rates with and without the RWA
is plotted in Fig. 5. Since the contribution is no more than
10−3 for the given parameters A = 10−8 and ωc/ = 500,
the counter-rotating terms thus can be neglected as the routine
work done in quantum optics.
However, the preceding analysis is based on the assumption
of a small energy-level shift. For some physical systems, this
shift may play an important role in the existence of the QAZE.
For a given interacting spectrum as shown in Eq. (20), the
modified energy level spacing reads
1 =  + Ae

ωc s(1 + s,0)
(
−s, 
ωc
)
, (22)
FIG. 5. (Color online) The decay rate difference R = |R −
Rrwa| vs measurement interval τ for different spectra. Here the
dot-dashed black line (a) is for sub-Ohmic spectrum s = 0.002 with
|1 − |/ = 1.55 × 10−3, the dashed red line (b) is for sub-Ohmic
spectrum s = 0.5 with |1 − |/ = 9.41 × 10−4, the solid blue
line (c) is for Ohmic spectrum s = 1 with |1 − |/ = 6.57 ×
10−4, and the dotted green line (d) is for super-Ohmic spectrum
s = 2 with |1 − |/ = 4.00 × 10−4. Parameters are the same as
those given in Fig. 4.
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FIG. 6. (Color online) The frequency distance  = 1 − sωc
vs the parameters A and s with ωc/ = 500.
where
(u,z) =
∫ ∞
z
tu−1e−t dt. (23)
As stated in the preceding, the QAZE disappears if the peaks
of the measurement-induced atomic level broadening and
the interacting spectrum coincide. Therefore, the distance
 = 1 − sωc between these two peaks is plotted vs the
parameters A and s in Fig. 6. As shown, the distance 
increases monotonically with increasing A. This is because the
energy-level shift, that is, the second term on the right-hand
side of Eq. (22), is proportional to A. Physically speaking, the
larger the parameter A is, the stronger the coupling between
the atom and the reservoir becomes. As a result of the stronger
coupling, the energy-level shift is enlarged. Besides, it is seen
that  falls as the parameter s raises. Thus, for a matching
pair of A and s, the two peaks of F (ω,1) and the interacting
spectrum G(ω) are the same. In this case, there will be only the
QZE. Besides, we also notice that the QZE was well explored
for a two-level system in either a low- or high-frequency bath
beyond the RWA [21].
IV. ALTERNATIVE APPROACH FOR THE DECAY
PHENOMENON OF THE HYDROGEN ATOM
In this section, with a different choice of the transformation
exp(−S ′), we obtain the same result as the preceding section
for the hydrogen atom. This transformation approach can also
work well for other spectral distributions but here we do not
repeat the straightforward calculations.
We choose the same transformation U ′ = exp(−S ′) as that
in Ref. [10], with
S ′ =
∑
k
Ak[(b†kσ+ − bkσ−) + (b†kσ− − bkσ+)] (24)
and
Ak = −gk
ωk +  (25)
to eliminate the counter-rotating terms b†kσ+ + bkσ− in
the desired effective Hamiltonian. Although the preceding
coefficients Ak are the same as the ones in Eq. (5), this
transformation is different from that in Eq. (3) in that it
includes the slow-oscillating terms, that is, b†kσ− − bkσ+. As
a consequence, it modifies not only the atomic energy level
spacing, but also its coupling to the reservoir and thus the
interacting spectrum.
By virtue of omitting higher order terms, that is, b†kb
†
k′ , bkbk′ ,
the effective Hamiltonian is straightforwardly given as
H ′eff =
∑
k
ωkb
†
kbk +
′
2
σz +
∑
k
g′k(bkσ+ + H.c.), (26)
where the modified coupling constant is
g′k =
2
ωk + gk, (27)
and the modified atomic energy level spacing is
′ =  + 2
∑
k
gkAk
ωk + . (28)
We would like to mention that the term∑
k
gkAk
ωk +  (1 + b
†
kbk)
is replaced with
∑
k
gkAk
ωk + 
in the preceding calculation since their contribution results in
small modification.
Since the original Hamiltonian H and a state |ψ(t)〉 fulfill
the Schro¨dinger equation H |ψ(t)〉 = i∂t |ψ(t)〉, we emphasize
that it is the transformed state |ψ(t)〉S ′ = exp(−S ′)|ψ(t)〉 and
the effective Hamiltonian H ′eff that meet the same requirement
H ′eff|ψ(t)〉S
′ = i∂t |ψ(t)〉S ′ . Thus, in general cases the initial
state |ψ(0)〉 before the transformation should be changed as
|ψ(0)〉S ′ = exp(−S ′)|ψ(0)〉 after the transformation.
In practice, the choice of the initial state relies on the
concrete physical problem. As far as the vacuum-induced
spontaneous decay is concerned, we should choose the bare
excited state. We emphasize that this choice is consistent
with the one in Ref. [8]. We also remark that it would be
more reasonable to start from the same initial state when
we refer to the influence of the counter-rotating terms on the
QAZE. Besides, we can also choose the physical excited state
elsewhere, that is, in Ref. [10]. It is a reasonable consideration
since the ground state |g,{0}〉 of the Hamiltonian under
RWA is replaced with exp(S ′)|g,{0}〉 due to the presence
of the counter-rotating terms in the interaction Hamiltonian
(2) [22]. Therefore, the initial state may be exp(S ′)|e,{0}〉
instead of |e,{0}〉 under the condition that the initial state is
prepared from the ground state exp(S ′)|g,{0}〉 through exci-
tation by laser. These two different choices result in distinct
consequences.
The problem is solved in the interaction picture with re-
spect to
U0 = e−iH ′0t , (29)
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with the “renormalized” free Hamiltonian
H ′0 =
∑
k
ωkb
†
kbk +
′
2
σz. (30)
The interaction Hamiltonian HI1 = U0H ′1U+0 ≡ U0(H ′eff −
H ′0)U+0 reads
HI1 =
∑
k
g′k[bkσ+ei(
′−ωk)t + b†kσ−e−i(
′−ωk)t ]. (31)
The time evolution of the wave function
|ψ ′I (t)〉 = α(t)|e,{0}〉 +
∑
k
βk(t)|g,1k〉 (32)
is governed by the effective Hamiltonian HI1 ,
i∂t |ψ ′I 〉 = HI1 |ψ ′I 〉. (33)
Here |g,1k〉 denotes the atom in the ground state |g〉 and one
excitation in the kth mode.
Then, the coefficients meet the following demands
α˙ = −i
∑
k
g′kβke
i(′−ωk)t , (34)
˙βk = −ig′kαe−i(
′−ωk)t . (35)
However, when calculating the survival probability, we should
return to the Schro¨dinger picture, that is,
α → αe−i 
′
2 t ,
βk → βke−i
(
ωk− ′2
)
t
.
We remark that with the initial state |e,{0}〉, the considered
survival probability for the excited state of the atom under the
original Hamiltonian H is
P (t) = Tr(|e〉〈e|e−iH t |e,{0}〉〈e,{0}|eiHt )
= |x(t)|2. (36)
Correspondingly, the effective Hamiltonian and the initial state
after the preceding transformation are H ′eff and e−S
′ |e,{0}〉,
respectively. Then, one has the survival probability amplitude
x(t) = 〈e,{0}|eS ′e−iH ′eff t e−S ′ |e,{0}〉
	 C1〈e,{0}|e−iH ′eff t |e,{0}〉
−C2
∑
k
Ak〈e,{0}|e−iH ′eff t |g,1k〉
−C2
∑
k
Ak〈g,1k|e−iH ′eff t |e,{0}〉
+
∑
k
A2k〈g,1k|e−iH
′
eff t |g,1k〉, (37)
where we have dropped the off-diagonal terms for the fourth
term on the right-hand side and
C1 =
(
1 − 1
2
∑
k
A2k
)2
	 1 −
∑
k
A2k, (38)
C2 = 1 − 12
∑
k
A2k. (39)
In Appendix A, we prove that the survival probability for
the atom in the excited state is the same as the one for the
initial state, namely, the first line in Eq. (37). After a series of
deductions, the survival probability after n measurements is
written as
P (t = nτ ) = |x(τ )|2n = e−Rt , (40)
where the decay rate
R = 2π
∫ ∞
−∞
dωF (ω,′)G′(ω) (41)
is the overlap integral of the measurement-induced atomic
level broadening
F (ω,′) = τ
2π
sinc2
(
ω − ′
2
τ
)
(42)
and the interacting spectrum
G′(ω) =
∑
k
f (ωk)g2k δ(ω − ωk), (43)
with
f (ωk) = 1 + (3 − 
′ + 2ωk)( − ′)
(ωk + )2 . (44)
Notice that the measurement-induced atomic level broadening
differs from ours in Eq. (14) in that it is centered at a different
modified level spacing ′. The interacting spectrum is also
altered with an additional factor f (ω), contrary to the unaltered
one in Eq. (15). For the necessary details, please refer to
Appendix B.
For the hydrogen atom, the modified interacting spectrum
of the 2p-1s transition is
G′2p−1s(ω) = f (ω)
ηω[
1 + ( ω
ωc
)2]4 , (45)
with η and ωc already given in Eq. (18). Notice that the second
term in Eq. (44) is a small correction to the one with the RWA
of the order of 10−8. This is in consistence with the orders of
the numerical results of R in Figs. 7 and 8.
The relation between the decay rate R and the measurement
interval τ is plotted in Fig. 7. As shown in this figure, the
FIG. 7. (Color online) The decay rate vs measurement interval τ
for the 2p-1s transition of the hydrogen atom. Here the solid blue
line is for R and the dashed red line is for R = |R − Rrwa|. |′ −
|/ = 5.69 × 10−8 and ωc/ = 550. Notice that R is enlarged
108 times.
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FIG. 8. (Color online) The decay rate vs measurement interval τ
for the 3p-1s transition of the hydrogen atom. Here the solid blue line
is for R, the dashed red line is for R = |R − Rrwa|, and the dotted
green line is for the result from Ref. [10]. |′ − |/ = 5.32 × 10−8
and ωc/ = 412. Notice that R is enlarged 108 times.
decay rate is well separated into two parts with the climax
being the boundary. In the left part, as the measurements are
done more and more frequently, that is, τ → 0, the decay rate
falls monotonously. When it is less than the decay rate without
measurement
R′0 = 2πG′(′),
that is, R/R′0 < 1, the QZE takes place. To the right of the
climax, the opposite trend is witnessed. In this region, the
shorter the measurement interval is, the larger the decay rate is.
Since R/R′0 > 1 for the whole region to the right of the
climax, one can observe the QAZE, which was predicted to
be obliterated due to the counter-rotating terms [10]. The
discrepancy between their result and ours is attributed to
the different choices of the initial states [10]. Here we also
emphasize that our approach is very simple and concise in
contrast to theirs, which is shown in Appendix B.
For more evidence, we resort to the 3p-1s transition of the
hydrogen atom. The interacting spectrum is adjusted as
G′3p−1s(ω) = f (ω)
η′ω
[
1 + 2( ω
ω′c
)2]2
[
1 + ( ω
ω′c
)2]6 , (46)
where η′ and ω′c are given in Eq. (19). The result of the numer-
ical calculations is displayed in Fig. 8. Here we again observe
the complete opposite predictions of the QAZE, contrary to
Ref. [10]. Moreover, the RWA offers a good approximation
in the weak-coupling limit since the disagreement between its
and the exact result is trivial.
V. CONCLUSION
In summary, we have studied the role of the counter-rotating
terms of the atomic couplings to the reservoir in the irreversible
atomic transition during the repetitive measurements. By the
generalized Fro¨hlich-Nakajima transformation, the exactly
solvable Hamiltonian is effectively obtained without the RWA
in the form of the standard “spin-boson” model. We discovered
that when we consider the spontaneous decay of the bare
excited state even without the RWA, the QAZE remains if
the proper measurement interval is given. We also saw a
transition from the QZE to the QAZE as the measurement
interval changes. As for the findings in Ref. [10] and its
following articles, it is observed that the disappearance of
the QAZE under the approach without the RWA is mainly
due to the choice of the physical excited state. In Ref. [10],
this initial state is the excited state of the renormalized
Hamiltonian, which is essentially an entangled state of photons
and atomic states. For the physical systems in a realistic world,
the influence of the weak-coupling counter-rotating terms on
the decay rate is very small and can be negligible. We have
utilized two different approaches for the generalization of the
Fro¨hlich-Nakajima transformation. For the same initial state,
that is, the bare excited state, consistent conclusion is obtained
for the interacting spectra of the hydrogen atom. By comparing
the two effective Hamiltonians, we find out that in our approach
there is only one parameter modified, contrary to one more set
in Ref. [10]. To further verify the universality of the presence of
the QAZE, we also extend our investigation to different types
of spectra. It is discovered that when the cutoff frequency
and the atomic level spacing fulfill some condition, only the
QZE emerges for the sub-Ohmic spectrum. We notice that by
means of the QZE in the dynamic version a quantum switch
was proposed to control the transport of a single photon in
a one-dimensional waveguide under the RWA [23]. However,
we might look forward to some novel features if no RWA is
invoked.
Besides, it is worth underlining that the choice of the differ-
ent initial states depends on the specific physical problem. So
far as the QAZE for the vacuum-induced spontaneous decay is
concerned, we should choose the bare excited state in that it is
the vacuum that induces the spontaneous decay of the atomic
excitation. On the other hand, on account of the preparation
of the initial state, the physical excited state might be a better
choice as well because it can be feasibly excited from the
ground state of the original Hamiltonian.
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APPENDIX A: SURVIVAL PROBABILITY P(t)
When we refer to the QZE and QAZE, we take a projective
measurement on the atom. Thus, we shall trace over all
the possible states of the fields. Based on the preceding
considerations, we give the detailed deduction about the
survival probability P (t) = |x(t)|2.
Before the transformation, the original Hamiltonian is
H =
∑
k
ωkb
†
kbk +

2
σz +
∑
k
gk(bk + b†k)(σ+ + σ−),
(A1)
with the chosen initial state to be
|(0)〉 = |e,{0}〉. (A2)
Then, we take a unitary transformation e−S with
S =
∑
k
Ak(b†kσ+ − bkσ−), (A3)
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and the Hamiltonian is approximated to the second order as
Heff = e−SHeS
=
∑
k
ωkb
†
kbk +
1
2
σz +
∑
k
gk(bkσ+ + H.c.), (A4)
in company with a transformed initial state
|(0)〉S = e−S |(0)〉
= e−S |e,{0}〉
= |e,{0}〉. (A5)
As a result, the evolution of the state reads
|(t)〉S = e−iHeff t |(0)〉S. (A6)
When calculating the survival probability for the atom in
the excited state, we shall return to the original picture and the
density matrix for the total system is straightforwardly given
as
ρ(t) = |(t)〉〈(t)|
= eS |(t)〉SS〈(t)|e−S
= eSe−iHeff t e−S |(0)〉〈(0)|eSeiHeff t e−S
= eSe−iHeff t e−S |e,{0}〉〈e,{0}|eSeiHeff t e−S. (A7)
The reduced density matrix for the atom is traced over the
degrees of fields, that is,
ρs(t) = TrB |(t)〉〈(t)|
= 〈{0}|eSe−iHeff t e−S |e,{0}〉〈e,{0}|eSeiHeff t e−S |{0}〉
+
∑
k
〈1k|eSe−iHeff t e−S |e,{0}〉〈e,{0}|eSeiHeff t e−S |1k〉
+
∑
k,k′
〈1k1k′ |eSe−iHeff t e−S |e,{0}〉
×〈e,{0}|eSeiHeff t e−S |1k1k′ 〉 + · · · . (A8)
Therefore, the survival probability of the excited state of the
atom is
ρees (t) = Trs(|e〉〈e|ρs(t))
	 〈e,{0}|eSe−iHeff t e−S |e,{0}〉〈e,{0}|eSeiHeff t e−S |e,{0}〉
+
∑
k
〈e,1k|eSe−iHeff t e−S |e,{0}〉
×〈e,{0}|eSeiHeff t e−S |e,1k〉
+
∑
k,k′
〈e,1k1k′ |eSe−iHeff t e−S |e,{0}〉
×〈e,{0}|eSeiHeff t e−S |e,1k1k′ 〉 + · · · . (A9)
In the following deductions, we show that multiple excita-
tion terms can be omitted as they lead to small corrections to
the final result. For the case of two excitations,
e−S |e,1k〉 	
(
I − S + 1
2
S2
)
|e,1k〉
= |e,1k〉 + Ak|g,{0}〉 − 12
∑
k′
AkAk′ |e,1k′ 〉
(A10)
is a superposition of states with the total excitation of an even
number, while
e−S |e,{0}〉 	 (I − S + 12S2)|e,{0}〉
= |e,{0}〉 (A11)
has only one excitation. On account of Heff’s property of
conserving the total number of excitation, the second term
in Eq. (A9) vanishes.
For the case of three excitations,
e−S |e,1k1k′ 〉
	
(
I − S + 1
2
S2
)
|e,1k1k′ 〉
= |e,1k1k′ 〉 + Ak|g,1k′ 〉 + Ak′ |g,1k〉
−1
2
∑
k′′
(AkAk′′ |e,1k′1k′′ 〉 + Ak′Ak′′ |e,1k1k′′ 〉). (A12)
Then, the third term on the right-hand side of Eq. (A9) equals∑
k,k′
|〈e,1k1k′ |eSe−iHeff t e−S |e,{0}〉|2
	 2
∑
k,k′
A2k|〈g,1k′ |e−iHeff t |e,{0}〉|2
+ 2
∣∣∣∣∣
∑
k
Ak〈g,1k|e−iHeff t |e,{0}〉
∣∣∣∣∣
2
. (A13)
In the interaction picture, the interaction Hamiltonian reads
HI =
∑
k
gk[bkσ+ei(1−ωk )t + b†kσ−e−i(1−ωk)t ]. (A14)
The time evolution of the wave function,
|ψI 〉 = α(t)|e,{0}〉 −
∑
k
βk(t)|g,1k〉, (A15)
is governed by the Hamiltonian HI ,
i∂t |ψI 〉 = HI |ψI 〉. (A16)
Straightforwardly, we attain the equations for the coeffi-
cients as
α˙ = −i
∑
k
gkβke
i(1−ωk)t , (A17)
˙βk = −igkαe−i(1−ωk )t . (A18)
The first term of Eq. (A13) is equivalent to 2∑k,k′ A2k|βk′(t)|2
when α(0) = 1. We can formally integrate Eq. (A18) and
replace α(t ′) with 1 to have
βk(t) = −i
∫ t
0
dt ′gkα(t ′)e−i(1−ωk )t ′
	 −i
∫ t
0
dt ′gke−i(1−ωk)t
′
= gk e
−i(1−ωk)t − 1
1 − ωk
= gk
−2 sin2 (1−ωk)t2 − i sin(1 − ωk)t
1 − ωk . (A19)
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As a result, the first term of Eq. (A13),
2
∑
k,k′
A2k|βk′(t)|2
= 2
∑
k
A2k
∑
k′
g2k′
4 sin4 (1−ωk′ )t2 + sin2(1 − ωk′)t
(1 − ωk′)2 ,
(A20)
can be neglected based on the following considerations.
For one thing, the first term in the second summation is
proportional to t4 in the short time limit and thus can be
omitted. For another, the factor
∑
k A
2
k is a small quantity,
that is, typically of the order of 10−8 for the hydrogen atom.
Moreover, the second term on the right-hand side of
Eq. (A13) is equivalent to 2|∑k Akβk(t) exp(−iωkt)|2, where
α(0) = 1 and the factor exp(−iωkt) is due to transformation
back to the Schro¨dinger picture. Here
2
∣∣∣∣∣
∑
k
Akβk(t)e−iωkt
∣∣∣∣∣
2
= 2
∣∣∣∣∣
∑
k
Akgk
−2 sin2 (1−ωk )t2 − i sin(1 − ωk)t
1 − ωk
∣∣∣∣∣
2
= t
4
2
[∫ ∞
−∞
dωsinc2
(1 − ω)t
2
∑
k
1 − ω
1 + ωg
2
k δ(ω − ωk)
]2
+ 2t2
[∫ ∞
−∞
dωsinc(1 − ω)t
∑
k
g2k δ(ω − ωk)
1 + ω
]2
,
where the first term is proportional to t4 in the short time limit,
and the second term is of higher order with respect to the first
term in Eq. (A9).
As a consequence, the second and third terms on the right-
hand side of Eq. (A9) can be neglected. In other words, the
contributions from the multiple-excitation terms result in a
small correction to the final result, and thus we have
ρees (t) = |〈e,{0}|eSe−iHeff t e−S |e,{0}〉|2, (A21)
which is exactly the same as the one in Eq. (12) for a single
measurement.
For the second approach in Sec. IV with
S ′ =
∑
k
Ak[(b†kσ+ − bkσ−) + (b†kσ− − bkσ+)], (A22)
we still have Eq. (A9),
ρees (t) = Trs(|e〉〈e|ρs(t))
	 〈e,{0}|eS ′e−iH ′eff t e−S ′ |e,{0}〉
× 〈e,{0}|eS ′eiH ′eff t e−S ′ |e,{0}〉
+
∑
k
〈e,1k|eS ′e−iH ′eff t e−S ′ |e,{0}〉
× 〈e,{0}|eS ′eiHeff t e−S ′ |e,1k〉
+
∑
k,k′
〈e,1k1k′ |eS ′e−iH ′eff t e−S ′ |e,{0}〉
× 〈e,{0}|eS ′eiH ′eff t e−S ′ |e,1k1k′ 〉 + · · · . (A23)
In this case, the effective Hamiltonian is replaced with
H ′eff = e−S
′
HeS
′
=
∑
k
ωkb
†
kbk +
′
2
σz +
∑
k
g′k(bkσ+ + H.c.), (A24)
while the transformed initial state is given as
|(0)〉S ′ = e−S ′ |(0)〉
= e−S ′ |e,{0}〉
	
[
I − S ′ + 1
2
(S ′)2
]
|e,{0}〉
=
(
1 − 1
2
∑
k
A2k
)
|e,{0}〉 −
∑
k
Ak|g,1k〉
+ 1
2
∑
k,k′
AkAk′ |e,1k1k′ 〉. (A25)
Then we obtain the transformed state at time t ,
| ′(t)〉S ′ = e−iH ′eff t | ′(0)〉S ′ . (A26)
As
e−S
′ |e,1k〉 	
[
I − S ′ + 1
2
(S ′)2
]
|e,1k〉
=
(
1 − 1
2
∑
k′
A2k′
)
|e,1k〉 +
∑
k
Ak|g,{0}〉
−
∑
k
Ak′ |g,1k1k′ 〉 −
∑
k′
AkAk′ |e,1k′ 〉
+ 1
2
∑
k′,k′′
Ak′Ak′′ |e,1k1k′1k′′ 〉 (A27)
and
e−S
′ |e,{0}〉 	
[
I − S ′ + 1
2
(S ′)2
]
|e,{0}〉
=
(
1 − 1
2
∑
k′
A2k′
)
|e,0〉 −
∑
k
Ak|g,1k〉
+ 1
2
∑
k′,k
Ak′Ak|e,1k1k′ 〉 (A28)
are of even and odd numbers of total excitations, respectively,
we have a vanishing second term on the right-hand side of
Eq. (A23).
Because the contribution from
e−S
′ |e,1k1k′ 〉
	
[
I − S ′ + 1
2
(S ′)2
]
|e,1k1k′ 〉
= |e,1k1k′ 〉 + Ak|g,1k′ 〉 + Ak′ |g,1k〉
−
∑
k′′
Ak′′ |g,1k1k′1k′′ 〉 − 12
∑
k′′
AkAk′′ |e,1k′1k′′ 〉
+AkAk′ |e,0〉 + 12
∑
k′′,k′′′
Ak′′Ak′′′ |e,1k1k′1k′′1k′′′ 〉
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− 1
2
∑
k′′
AkAk′′ |e,1k′1k′′ 〉 − 12
∑
k′′
Ak′Ak′′ |e,1k1k′′ 〉
− 1
2
∑
k′′
Ak′Ak′′ |e,1k1k′′ 〉 − 12
∑
k′′
A2k′′ |e,1k1k′ 〉 (A29)
is of an order higher than A2k , we can further omit the third
term of Eq. (A23).
In total, we can neglect all nonzero-photon terms in
Eq. (A23). Thus, based on the preceding calculations, we still
have
ρees (t) = |x(t)|2 = |〈e,{0}|eS
′
e−iH
′
eff t e−S
′ |e,{0}〉|2 (A30)
for the second approach, where the survival probability x(t) is
the same as Eq. (37).
Judging from the preceding reductions, we may safely
arrive at the conclusion that for both cases the survival
probability of the atom in the excited state coincides with the
survival probability of the initial state |e,{0}〉 and the single
excitation approximation is reasonable.
APPENDIX B: SURVIVAL AMPLITUDE x(t) FOR THE
SECOND APPROACH
As shown in Eq. (37), the survival probability x(t) is the
summation of four terms due the modified initial state after
the transformation. Since the calculation of the first term in
Eq. (37) was already shown elsewhere, that is, Ref. [8], we
offer the detailed calculation of the remaining parts in addition
to the first term.
For convenience, we multiply x(t) [Eq. (37)] by a factor
exp(i′t/2) and have
x(t)ei 
′
2 t = C1〈e,{0}|e−iHeff t |e,{0}〉ei 
′
2 t
−C2
∑
k
Ak〈e,{0}|e−iHeff t |g,1k〉ei 
′
2 t
−C2
∑
k
Ak〈g,1k|e−iHeff t |e,{0}〉ei 
′
2 t
+
∑
k
A2k〈g,1k|e−iHeff t |g,1k〉ei
′
2 t . (B1)
On the right-hand side of the preceding equation, the first
term
〈e,{0}|e−iHeff t |e,{0}〉 (B2)
is equivalent to α(t) when α(0) = 1. Equation (35) can be
formally integrated to yield
βk = −i
∫ t
0
dt ′g′kαe
−i(′−ωk)t ′ . (B3)
By substituting it into Eq. (34), we have
α˙ = −
∑
k
∫ t
0
dt ′(g′k)2αe−i(
′−ωk)t ′ei(
′−ωk)t . (B4)
For a sufficient short time t , we can replace α(t2) with α(0) = 1
and thus
α(t) 	 1 −
∫ t
0
dt1
∫ t1
0
dt2
∑
k
(g′k)2ei(
′−ωk)(t1−t2)
= 1 − t
∫ t
0
dt ′
(
1 − t
′
t
)
ei
′t ′
∑
k
(g′k)2e−iωkt
′
= 1 − Iα(t). (B5)
When transforming it back to the Schro¨dinger picture, we have
〈e,{0}|e−iHeff t |e,{0}〉 = αe−i 
′
2 t . (B6)
By multiplying a factor exp(i′t/2), the time-dependent factor
is canceled,
〈e,{0}|e−iHeff t |e,{0}〉ei 
′
2 t = α. (B7)
The following function is used in the calculation of x(t):
2ReIα(t) = 2Re
[
t
∫ t
0
dt ′
(
1 − t
′
t
)
ei
′t ′
∑
k
(g′k)2e−iωkt
′
]
= 2πt
∫ ∞
−∞
dωF (ω,′)G1(ω), (B8)
which is the overlap integral of the measurement function
F (ω,′) = 1
2π
∫ ∞
−∞
dt ′
(
1 − |t
′|
t
)
ei
′t ′θ (t − |t ′|)e−iωt ′
= t
2π
sinc2
(
ω − ′
2
t
)
, (B9)
and the interacting spectrum
G1(ω) = 12π
∫ ∞
−∞
dt ′
∑
k
(g′k)2e−iωkt
′
eiωt
′
=
∑
k
(g′k)2δ(ω − ωk). (B10)
Before calculating the second and third terms in Eq. (B1),
we prove these two terms to be equal to simplify the calcula-
tions. For a general Hamiltonian H , which is time-independent
and satisfies Hab ≡ 〈a|H |b〉 = Hba for any two states |a〉 and
|b〉 in the complete Hilbert space, one has
Fab = 〈a|e−iH t |b〉
= 〈a|
∑
n
(−itH )n
n!
|b〉
= 〈a|
∑
n
(−itH )2n
(2n)! |b〉 + 〈a|
∑
n
(−itH )2n+1
(2n + 1)! |b〉
≡ Re(Fab) + iIm(Fab). (B11)
It is obvious that the first term on the right-hand side of
the preceding equation is real and the second term is pure
imaginary. On the other hand, one has
〈b|e−iH t |a〉
= [(〈b|e−iH t |a〉)†]†
= [〈a|eiHt |b〉]†
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=
[
〈e|
∑
n
(itH )2n
(2n)! |b〉 + 〈a|
∑
n
(itH )2n+1
(2n + 1)! |b〉
]†
=
[
〈a|
∑
n
(−itH )2n
(2n)! |b〉 − 〈a|
∑
n
(−itH )2n+1
(2n + 1)! |b〉
]†
= [Re(Fab) − iIm(Fab)]†
≡ Re(Fab) + iIm(Fab)
≡ Fab. (B12)
The preceding condition Hab = Hba (for any two states |a〉
and |b〉) for a general Hamiltonian H , means gk = g∗k in our
current case. In short, one has
〈e,{0}|e−iHeff t |g,1k〉 = 〈g,1k|e−iHeff t |e,{0}〉. (B13)
For the second term of Eq. (B1),∑
k
Ak〈e,{0}|e−iHeff t |g,1k〉, (B14)
it is equal to α(t) for βp(0) = δpk under Eq. (34). Thus,
α = −i
∫ t
0
dt ′
∑
p
g′pβp(t ′)ei(
′−ωk)t ′
= −i
∫ t
0
dt ′g′ke
i(′−ωk)t ′
= −g′k
ei(
′−ωk)t − 1
′ − ωk . (B15)
Here we also multiply a factor exp(i′t/2) to remove the
time-dependent factor during the transformation. Therefore,
4ReIβ(t) = 4Re
∑
k
Ak〈e,{0}|e−iHeff t |g,1k〉ei 
′
2 t
= 4Re
[
−i
∫ t
0
dt ′ei
′t ′
∑
k
Akg
′
ke
−iωkt ′
]
= 4
∑
k
2g2k
(ωk + )2
cos(′ − ωk)t − 1
′ − ωk
= 2πt
∫ ∞
0
F (ω,′)G2(ω)dω, (B16)
where
G2(ω) =
∑
k
4(ω − ′)
(ω + )2 g
2
k δ(ω − ωk). (B17)
Here we emphasize that the final result does not depend on
the assumption that gk = g∗k . That is because it is the real
parts of the second and third terms that contribute to the decay
rate.
For the fourth term in Eq. (B1), we can also formally
integrate α to have
α = −i
∫ t
0
dt ′
∑
k
g′kβk(t ′)ei(
′−ωk)t ′ , (B18)
and substitute it into Eq. (35) to yield
˙βk = −
∫ t
0
dt ′g′k
∑
k′
gk′βk′(t ′)ei(′−ωk′ )t ′e−i(′−ωk )t
= −
∫ t
0
dt ′e−i
′(t−t ′)(g′k)2eiωk(t−t
′), (B19)
where we have replaced
βk′(t ′) 	 βk′(0) = δk′k. (B20)
By one more iteration, we have
βk(t) = 1 −
∫ t
0
dt1
∫ t1
0
dt2(g′k)2ei(ωk−
′)(t1−t2). (B21)
Thus, ∑
k
A2k〈g,1k|e−iHeff t |g,1k〉ei
′
2 t
=
∑
k
A2kβk(t)e−i
(
ωk− ′2
)
t
ei
′
2 t
=
∑
k
A2ke
−i(ωk−′)t + Iγ (t)
	
∑
k
A2ke
−i(ωk−′)t , (B22)
where
Iγ (t) = −t
∫ t
0
dt ′
(
1 − t
′
t
)∑
k
A2k(g′k)2e−i(ωk−
′)(t ′−t)
is negligible since it is proportional to g4k .
In total,
xei
′
2 t = C1(1 − Iα) − 2C2Iβ +
∑
k
A2ke
−i(ωk−′)t
	 1 − Iα − 2Iβ + Iδ, (B23)
where
Iδ =
∑
k
A2k[e−i(ωk−
′)t − 1], (B24)
and we have dropped higher-order terms of
∑
k A
2
k . Then, the
survival probability after one measurement is
P (t) = |x(t)|2
	 1 − 2ReIα − 4ReIβ + 2ReIδ
	 exp(−2ReIα − 4ReIβ + 2ReIδ), (B25)
with
2ReIδ(t) =
∑
k
−4g2k
(ωk + )2 sin
2 (ωk − ′)t
2
=
∑
k
∫ ∞
−∞
dω
−4g2k δ(ω − ωk)
(ω + )2 sin
2 (ω − ′)t
2
= −2πt
∫ ∞
−∞
dωF (ω,′)G3(ω) (B26)
and
G3(ω) =
∑
k
(ω − ′)2
(ω + )2 g
2
k δ(ω − ωk). (B27)
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Straightforwardly, the survival probability after n repetitive
measurements is
P (t) = |x(τ )|2n = e−Rt , (B28)
where there are three contributions to the total decay rate
R = R1 + R2 + R3, (B29)
namely,
R1 = 2nReIα(τ )/t
= 2π
∫ ∞
−∞
dωF (ω,′)G1(ω), (B30)
R2 = 4nReIβ(τ )/t
= 2π
∫ ∞
−∞
dωF (ω,′)G2(ω), (B31)
R3 = 2nReIδ(τ )/t
= 2π
∫ ∞
−∞
dωF (ω,′)G3(ω). (B32)
To conclude, the total decay rate is further simplified as
R = 2π
∫ ∞
−∞
dωF (ω,′)G′(ω), (B33)
where the measurement function is
F (ω,′) = τ
2π
sinc2
(
ω − ′
2
τ
)
, (B34)
and the modified interacting spectrum is
G′(ω) = G1(ω) + G2(ω) + G3(ω)
=
∑
k
f (ωk)g2k δ(ω − ωk), (B35)
with the factor
f (ωk) = 1 + (3 − 
′ + 2ωk)( − ′)
(ωk + )2 . (B36)
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